We analytically and numerically examine the stability of three-dimensional self-trapped beams with a dark spot surrounded by bright rings of varying intensity in a uniform saturable self-focusing medium.
It is shown that the fundamental bound state of the family is stable to a symmetric perturbation but unstable to an asymmetric perturbation (that breaks the azimuthal symmetry of the beam, i.e. , transverse instabilities). The higher-order states are also found to display transverse (modulation) instabilities. The development of the instabilities is shown to lead to the emission of filaments which spiral away from the center of the dark spot as stable entities. PACS number(s): 42.65. -k, 42.25.8s, 42.50.Rh Self-trapping of optical beams in a nonlinear medium has been a subject of interest and investigated extensively over the last three decades both experimentally and theoretically [1 -15] . In their pioneering works, Chiao, Garmire, and Townes [1] and Haus [2] demonstrated that in a Kerr-law nonlinear medium, a cylindrically symmetric beam with the maximum intensity at the center can be a three-dimensional self-trapped beam pattern (which in theory remains unchanged with the propagation distance). However, in practice it may not be the case, as this family of bound-state solutions is not stable against a symmetric perturbation [3] . Above the critical trapping power the beam focuses, and below the critical trapping power the beam difFracts. In a saturable nonlinear medium (as is often the case in practice), the trapped beams demonstrate quite diferent stability characteristics. The fundamental state of the family becomes stable (against both symmetric and asymmetric perturbations) [9] , whereas the higher-order states are unstable against the perturbation, which breaks the azimuthal symmetry of the beams (transverse instabilities) [10] ; and these stability results, which were predicted from the linear stability analysis, have been conGrmed by direct numerical simulations of the nonlinear wave equation [15] .
The self-trapped beam patterns discovered in Refs. [1, 2] For a fixed n, P increases with increasing p2, as shown in Fig. 1(a) for the fundamental bound state, where P, = 15.38Ir/k npn2 is the critical trapping power for the Kerr-law nonlinearity.
To investigate the stability of a bound state g", we seek a perturbed solution of the form Q = Q"+(u+ iv) exp(6Z), which substituted into Eq. (2) leads to 8u = -Lo"v, bv = Ii"u (4) upon linearization, where Ip"--V'T 1/R p+-Q"j(1-+ g2) and Li"--I p"+2@2/(1+/") . Note that if (6, u, v) is a solution to Eq. (4a), -6, u, v are the solutions too.
In terms of u alone, the linearized equation (4a) reads Lp"Li"u = -6 u. It can be shown that all the solutions, with 6 g 0, to Eq. (4) are orthogonal to g"(since6(ulg") = -(Lp"vl@") = (vlLp"g"-) = 0 where (filf2) = f fif2dS) So From the method of indeterminate Lagrange multipliers [9] it can be shown that maximization of the quantity (ulLiiu) in Eq. (5) is equivalent to solve the equation Liif = &f+ qadi (6) for the largest eigenvalue A, which together with constant q is determined by the conditions of orthogonality (f~pi) = 0 and normalization (flf) = l. Expanding f(= P iti f ) and Qi(= P ic f ) of Eq. (6) in the complete set of eigenfunctions f of the operator L, ii gives rise to f = q P i c f /(A -A). This expansion f, substituted into the orthogonality condition Fig. 1(a) random noise, the evolution of the beam would follow the same patterns, although at a longer distance.
The analysis for the n = 1 state above applies to the other higher-order bound states, and shows that all the higher-order states display transverse instabilities as well.
The difference is that the nonlinear dynamics of the beam evolution becomes more and more complicated with increasing order n. Figure 3 gives the growth rates of the first higher-order (n = 2) state vs p2. The field profiles of the m = 1 and 2 growth modes (nearly) coincide with the inner ring field profile of the bound state, and thus they are responsible for the instability development of the inner ring. This is shown in Fig. 4 
